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The Daejeon16 two-nucleon interaction is employed in many-body approaches based on the mean-
field approximation. The perturbative character of Daejeon16 is verified by comparing results for
16O from the Hartree-Fock (HF) approximation and from the no-core shell model and by examining
the magnitude of perturbative corrections to the HF energy in light and heavy nuclei. In order to
approximately describe energies and radii across the nuclear chart, a phenomenological correction in
the form of a two-plus-three-nucleon contact interaction is introduced. With fitted parameters we
achieve a very good description of medium-mass nuclei in terms of energy and size and also in terms of
the centroid energy of the giant monopole resonance and the dipole polarizability calculated within
the random-phase approximation (RPA). Our results provide further justification for the use of
Daejeon16 augmented with phenomenological corrections as an effective interaction of perturbative
character in a variety of applications.
I. INTRODUCTION
The non-relativistic nuclear quantum many-body
problem traditionally consists in describing atomic nuclei
and nuclear matter as aggregates of interacting nucle-
ons in the framework of quantum mechanics [1, 2]. The
degrees of freedom considered are not the fundamental
ones of quantum chromodynamics (QCD), namely quarks
and gluons, but inert nucleons in the non-perturbative
regime of QCD. The relevant theoretical entities are the
non-relativistic Hamiltonian (kinetic energy and poten-
tial operators) and the wave function. Solution of the
Schroedinger equation for a realistic Hamiltonian should
lead to an accurate description of known nuclear phe-
nomena at low energies and reliable predictions for the
properties of exotic nuclei. The above general concept,
based on an intranucleon Hamiltonian with links to the
underlying theory of QCD, roughly defines what we call
the ab initio approach to nuclear structure.
The complications are well-known. The Hamiltonian
describing the strong nuclear force has a complex struc-
ture and includes strong repulsion at short distances as
evident, for example, in two-nucleon scattering and indi-
rectly in nucleon knock-out data [3]. This suggests that
the wave function will have high-momentum components
or, equivalently, short-range correlations. The compu-
tational problem becomes challenging. Therefore, the
many-body Schroedinger equation for non-homogeneous,
strongly interacting, self-bound nuclei, except for the
lightest nuclei, is computationally hard and requires con-
trolled approximations to the exact many-body problem.
One solution is the use of low-momentum nuclear
Hamiltonians, where high momenta have been “inte-
grated out”, formally by transforming a realistic nuclear
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interaction or by construction. Low-momentum interac-
tions lead to improved convergence of results when em-
ployed in quantum many-body methods. These inter-
actions are appealing for calculating bulk properties of
the nuclear ground state (energy and size) and the nu-
clear response function to long-range operators using ap-
proximate many-body methods. Input realistic interac-
tions include high-precision two-nucleon (NN) potentials
such as the Argonne and Bonn families and chiral poten-
tials [4]. These interactions must be accompanied by con-
sistently defined three-nucleon (NNN) interactions. For
convenience, we may refer to them as “bare” interactions.
Renormalization methods for generating low-momentum
or “effective” interactions from these bare interactions in-
clude the traditional G−matrix [5, 6], Vlow−k [7], the uni-
tary correlation operator method (UCOM) [8], the simi-
larity renormalization group (SRG) [9], and the Okubo-
Lee-Suzuki method [10]. Thanks to such renormalization
developments the ab initio program in nuclear physics has
been thriving for several years with a wealth of successes
in the description of light and medium-mass nuclei.
Besides the genuine NNN and generally many-nucleon
terms in the bare interactions, there are also induced
many-nucleon interactions, which are generated by the
renormalization methods. The presence of many-nucleon
forces considerably complicates the nuclear many-body
problem and more so in the case of medium-mass and
heavy nuclei. Therefore, there have been efforts to con-
struct low-momentum or effective NN interactions such
that the contribution of the many-nucleon terms is signif-
icantly reduced. For example, in the case of the UCOM
the range of the tensor correlator was used early on as
a free parameter adjusted such that no-core-shell-model
(NCSM) [11, 12] calculations employing only the two-
nucleon part of the UCOM potential could reproduce the
energies of light nuclei [13]. It turned out that binding en-
ergies throughout the nuclear chart could then be repro-
duced within many-body perturbation theory (MBPT),
but nuclear radii were strongly underestimated [14]. Fur-
ther attempts employing SRG, with the renormalization
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2flow parameter serving as a free parameter, typically led
to overbinding in heavy nuclei. A combination of UCOM
and SRG and the inclusion of a phenomenological re-
pulsive correction in the form of a three-nucleon contact
term was added to cure this behavior to some extent [15].
On the one hand, such results suggest that a good
description of light nuclei does not guarantee realistic
saturation properties for nuclear matter. The issue has
arisen also for chiral interactions, hence the subsequent
development of chiral potentials with coupling constants
adjusted also to heavier nuclei [16]. On the other hand,
the NNN correction required to obtain realistic results
in the above-mentioned examples was found roughly one
order of magnitude weaker than the analogous density-
dependent terms needed to ensure saturation in the case
of purely phenomenological effective interactions (such
as Gogny and Skyrme) [17]. This suggests that much of
the relevant physics is already present in the NN renor-
malized realistic interactions and the additional terms
represent modest though non-negligible corrections.
In this work we focus on the Daejeon16 interaction [18],
a relatively new and promising NN interaction with sev-
eral applications already, especially in light nuclei. It was
constructed from the Idaho N3LO interaction by apply-
ing an SRG evolution and finally a set of phase-equivalent
transformations. The fitting process involved nuclei up to
16O. Daejeon16 has found applications in the description
of nucleon-nucleus scattering [19–23], the spectroscopy
of light nuclei in favorable comparisons with the LENPIC
NN+NNN interaction [24], sd−shell nuclei as a valence
interaction [25], the tetraneutron resonance [26, 27], clus-
tering [28] and in the development of artificial neural net-
works [29] – see also [30] for an overview of applications.
The Daejeon16 interaction was developed to serve as a
stand-alone NN interaction. In that sense it is a successor
to the phenomenological JISP16 [31] but provides supe-
rior convergence properties and performance in the case
of light nuclei [30, 32]. Presently, we are interested in its
perturbative behavior and ask whether it can be used as
an effective interaction in the description of heavier nu-
clei within tractable many-body methods based on the
mean-field approximation as a starting point. To this
end, we first compare results for 16O from the Hartree-
Fock (HF) approximation and from the NCSM and ex-
amine the magnitude of perturbative corrections. Com-
parisons with other interactions are made. In order to
describe energies and radii of heavier nuclei we introduce
a phenomenological correction in the form of a two-plus-
three-body contact interaction. The implications for the
saturation properties of Daejeon16 are discussed. Re-
sults for collective excitations are also discussed within
the random-phase approximation (RPA).
This paper is organized as follows. In Sec. II we pro-
vide for completeness the basic elements of the many-
body methods and implementations used here, namely
HF, MBPT and RPA. In Sec. III we introduce the basic
observables examined here and the corresponding exper-
imental data. In Sec. IV we verify the good convergence
properties of Daejeon16. In Sec. V we present HF and
MBPT results for heavier closed-shell nuclei and diag-
nose the need to introduce a phenomenological correc-
tion. Such a correction is determined and applied in HF
and RPA calculations in Sec. VI. We conclude in Sec. VII.
II. ELEMENTS OF HARTREE-FOCK,
PERTURBATION THEORY, AND
RANDOM-PHASE APPROXIMATION
The many-body methods used in this work, namely the
Hartree-Fock (HF) approximation for the nuclear ground
state, many-body perturbation theory (MBPT) for the
correlation energy, and the random-phase approximation
(RPA) for excited states have been standard tools of nu-
clear theory for a long time [1, 33]. Here we review basic
elements of the implementations employed for the pur-
poses of the present study.
HF serves as a basic variational method yielding the
independent-particle many-fermion wavefunction (Slater
determinant) which minimizes the total energy, i.e., the
expectation value of the Hamiltonian. Here we consider
the intrinsic A−nucleon Hamiltonian given in terms of
the two-body intrinsic kinetic energy and a two-nucleon
potential [34],
Hˆ =
∑
i<j
(
2
Am
(~ˆpi − ~ˆpj)2 + Vˆij
)
, (1)
in a straightforward notation. We comment that the NN
interaction includes the Coulomb potential between pro-
tons. The HF equations are solved within a spherical
harmonic-oscillator (HO) single-particle basis. Through
an iterative procedure the ground-state wavefunction is
obtained as a Slater determinant of occupied single-
particle states (hole states), from which all basic proper-
ties of the ground state can be calculated. Energies and
wavefunctions of the unoccupied states (particle states)
are also obtained. Those can be used to compute pertur-
bative corrections to the ground-state energy, which, to
second order, are given by
∆EMBPT(2) = −1
4
∑
p1p2h1h2
|〈p1p2|H|h1h2〉|2
ep1 + ep2 − eh1 − eh2
, (2)
where the sum runs through all particle (pi) and hole (hi)
states and ea is the HF single-particle energy of state |a〉.
The HF solution serves also as a reference state for
calculating properties of excited states within RPA. An
external field formally represented by a single-particle op-
erator Oˆ =
∑
ij Oija
†
iaj + h.c. is assumed to act on the
nuclear ground state and create a phonon state
|ν〉 =
∑
ph
[
Xνpha
†
pah − Y νpha†hap
]
|g.s.〉 . (3)
Application of the quasi-boson approximation produces
the standard RPA equations [35]. Presently we use the
3self-consistent variant of RPA, i.e., the same Hamiltonian
used to generate the HF solution, Eq. (1), is used also as
a particle-hole interaction in RPA. All hole and particle
states available from the HF solution, as determined by
the original HO basis, are used to construct the ph con-
figuration space without any further energy truncation.
The nuclear ground state is considered spherical and the
excited phonons have good angular momentum and par-
ity Jpi. Details are provided in Ref. [36].
III. OBSERVABLES AND EXPERIMENTAL
DATA
We focus on bulk and mostly static properties of
closed-shell nuclei. In particular, we examine the ground-
state energy per particle E/A, the point-proton radius
Rp, the centroid energy of the isoscalar giant monopole
resonance Ec(GMR), and the electric dipole polarizabil-
ity aD. The former three characterize the saturation
point (energy, density, and compression modulus) of sym-
metric nuclear matter and the fourth characterizes the
density dependence of the nuclear symmetry energy. In
other words, these quantities can be used as proxies
for bulk properties of nuclear matter. The Ec and aD
are defined in terms of energy moments of correspond-
ing transition-strength distributions (excitation spectra)
in the isoscalar-monopole and electric-dipole channel re-
spectively. The transitions are generated formally by act-
ing on the nuclear ground state with the single-particle
isoscalar monopole (ISM) and electric dipole (E1) oper-
ators
OˆISM =
A∑
i=1
r2i Y0(rˆi) (4)
OˆE1 =
N
A
Z∑
p=1
rpY1(rˆp)− Z
A
N∑
n=1
rnY1(rˆn) (5)
and the corresponding transition strength distributions
are obtained by taking the transition matrix elements to
excited states,
S(E) =
∑
f
|〈f |Oˆ|g.s.〉|2δ(E − Ef ). (6)
The k−th moment of the transition strength distribution
S(E) is defined as
mk =
∑
i
Eki S(Ei) , (7)
where the sum runs over all excited states. The centroid
energy of the distribution is defined via the first and ze-
roth moments,
Ec = m1/m0. (8)
Nuclide
Property
16O 40Ca 48Ca 90Zr 132Sn 208Pb
E/A [MeV] 7.976 8.551 8.667 8.710 8.355 7.867
Rch [fm] 2.699 3.478 3.477 4.264 4.709 5.501
Rp [fm] 2.581 3.387 3.393 4.199 4.650 5.450
Ec(GMR) [MeV]
(∗) −− 19.88 19.18 18.13 −− 13.96
aD [fm
3/e2] −− −− 2.07(22) −− −− 20.1(6)
(∗) Error bars for Ec(GMR) are of the order of 10−1MeV.
TABLE I. Experimental data referenced in this work: ground-
state energy per particle E/A [40] (rounded), charge radius
Rch [43] (rounded), point-proton radius Rp (see text), cen-
troid energy of the giant monopole resonance Ec(GMR) [37],
and electric dipole polarizability aD [38]. In addition, we con-
sider the energy per particle of 28O, 5.988 MeV, and of 100Sn,
8.253 MeV [40]. A double dash “−−” indicates unavailable
data or not used here.
In the isoscalar monopole case almost all strength is ex-
hausted by the giant monopole resonance. For more in-
formation see, e.g., Ref. [37]. The electric dipole polariz-
ability is determined by the inverse energy weighted sum
m−1 of the electric-dipole strength distribution, in par-
ticular,
aD =
8pi
9
~c
137
m−1(E1). (9)
For more information see, e.g., Ref. [38].
In practice, the ground-state energies and radii are
calculated in the HF approximation and corrections are
calculated with second-order perturbation theory [14].
Transition strength distributions are calculated within
RPA [36, 39]. For basic information on the current in-
plementations, see Sec. II.
The data we use for comparison are collected in Ta-
ble I. Values for E/A and for the charge root-mean-square
radii Rch are taken from the AME2016 evaluation [40].
Point-proton radii Rp are extracted from experimental
measurements of Rch for each nucleus (A,Z) by apply-
ing, as in other studies [16], corrections which include the
Darwin-Foldy correction and effects of the finite nucleon
size,
R2p = R
2
ch − r2p −
N
Z
r2n −
3~2
4m2pc
2
, (10)
where 3~
2
4m2pc
2 = 0.033 fm
2, rp = 0.8775(51) fm, and
r2n = −0.1149(27) fm2. For convenience, we refer to these
Rp values as experiment (EXP) in what follows. Values
shown are rounded to the 4th significant digit at most, re-
gardless of measurement precision, because high precision
is superfluous for this work, as will become clear when
examining the results. Values for the Ec(GMR) are avail-
able from alpha-scattering experiments [37], while mea-
surements of complete dipole spectra in polarized proton
scattering have made possible the extraction of aD val-
ues [38, 41, 42].
4IV. CONVERGENCE PROPERTIES OF
DAEJEON16: 16O
We first verify that the Daejeon16 interaction shows
good convergence behavior with respect to the model
space and in comparison with other interactions. To this
end, we compare various calculations available for 16O
based on a selection of many-body methods and interac-
tions. Specifically, for the purposes of the present study
of the nucleus 16O, the following calculations were per-
formed:
• HF calculations using the Daejeon16 interaction
within a model space of 13 harmonic-oscillator
shells (emax = (2n + `)max = 12) with frequency
ω1 = 20 MeV/~ (length parameter b1 = 1.44 fm)
and, for comparison, ω2 = 10 MeV/~ (length pa-
rameter b2 = 2.04 fm).
• Perturbation-theory corrections, through second
order, to the above results.
• HF calculations using the UCOM interaction [14]
within a model space of 13 harmonic-oscillator
shells with b = 1.6 fm corresponding to ω ≈
16 MeV/~.
• Perturbation-theory corrections, through second
order, to the above HF results.
Hartree-Fock calculations represent here the “zero-order”
or mean-field level of approximation.
Table II shows the ground-state energy, point-proton
r.m.s. radius of 16O and intrinsic kinetic energy (if
known) obtained within different models and compared
with data. Results are shown from HF calculations with
the denoted interaction, followed by results from HF in-
cluding many-body perturbation theory with the same
interaction, if available (“+ MBPT”). No-core shell
model calculations are also shown if available (“NCSM”).
The notation N3LO(x) is shorthand for the SRG-softened
N3LO interaction with flow parameter λ = x fm−1. The
notation MBPT(n) is short hand for up through n-th or-
der perturbation theory. HF and MBPT results with the
JISP16 and N3LO interactions are taken from Ref. [44].
The quoted NSCM results with JISP16 and Daejeon16
are taken from Refs.[45] and [18], respectively. For the
former case, a slightly different value, -145(8) MeV is
quoted in Ref. [46], but this is consistent with the result
in Table II to within their quoted uncertainties.
The total energy varies from model to model by 300%.
Note, however, that the total energy is the difference of
two large quantities, namely the intrinsic kinetic energy
Tint and the potential energy |V |, which, separately, show
smaller percentage variations. The HF kinetic energy (in-
trinsic) Tint for UCOM and Daejeon16 is approximately
305 and 310 MeV, respectively. This would mean that
for these two HF calculations the HF potential energy
varies by roughly 15%. The Tint values from the other
E [MeV] Rp [fm] Tint [MeV]
Exp. -127.619 2.581
Daejeon16(a)
HF; b1 (b2) -106.5 (-107.4) 2.24 (2.24) 310 (310)
+MBPT(2) -126.3 (-128.9) 2.36 (2.43)
Difference -19.8 (-21.5)
NCSM -131.4(7) ≈ 2.4 290
UCOM(b)
HF -56.3 2.27 305.6
+MBPT(2) -67.1 2.53
JISP16(c)
HF - 71.638 1.791
+ MBPT(2) -130.511
+ MBPT(3) -134.771 1.843
NCSM -146(7) [2.0-2.2] [>350]
N3LO(x)(d)
HF+N3LO(1.5) -169.968 2.031
+ MBPT(3) -180.893 2.042
HF+N3LO(2.0) -133.169 2.029
+ MBPT(3) -164.597 2.040
HF+N3LO(2.5) - 85.173 2.131
+ MBPT(3) -149.419 2.125
HF+N3LO(3.0) -44.102 2.272
+ MBPT(3) -139.767 2.230
(a) HF and MBPT: this work; NCSM: Ref. [18]
(b) From Ref. [14]
(c) HF and MBPT: Ref. [44]; NCSM: Ref. [45]
(d) From Ref. [44]
TABLE II. Ground-state energy and point-proton r.m.s. ra-
dius of 16O within different models and compared with data.
For the kinetic-energy estimate Tint see text.
calculations are not available, but from the conjugate re-
lation between momentum and distance we expect that
Tint is anticorrelated with the nuclear size represented
here by the proton radius Rp. If we assume roughly that
Tint ∝ R−2p we find that the HF potential energy V for the
tabulated HF calculations varies between approximately
-350 and -560 MeV only.
We conclude from the results in Table II that Dae-
jeon16 provides faster convergence than JISP16 since the
magnitude of the second-order perturbative corrections
relative to the HF energy is smaller by about a factor of
3. Furthermore, the HF+MBPT(2) result for Daejeon16
is closer to its NCSM result, with a difference ≈ 5 MeV,
compared to the corresponding difference of 15 MeV for
JISP16. We proceed to examine the perturbative correc-
tions also in heavier nuclei.
V. RESULTS FOR CLOSED-SHELL NUCLEI
Having confirmed the perturbative behavior of Dae-
jeon16 in 16O we proceed to test this behavior also in
heavier nuclei and to examine the results in comparison
with experimental data.
Results for the ground-state energies per nucleon and
5proton radii of various nuclei obtained within Hartree-
Fock for the indicated harmonic oscillator bases (fre-
quency and emax) compared with experimental or rec-
ommended values (Table I) are shown in Fig.1(a),(b).
Fig. 1(c) shows the correction to the energy per nucleon
coming from second-order perturbation theory.
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FIG. 1. Ground-state properties obtained with the Dae-
jeon16 interaction for 16O, 28O, 40Ca, 48Ca, 60Ca, 90Zr, 100Sn,
132Sn, 208Pb. Results for various harmonic-oscillator bases
are shown to examine convergence. Lines are drawn solely to
guide the eye. (a) HF results for E/A. (b) HF results for Rp.
(c) Perturbative correction to the energy (note the expanded
scale).
16O is found somewhat underbound within HF us-
ing Daejeon16 as already realized. Perturbative correc-
tions, as we have seen, lower the energy of 16O to within
about 0.1 MeV/A of the experimental result. However,
experimental data and HF calculations with Daejeon16
cross around Ca and heavier nuclei are found increas-
ingly overbound. Since HF is a variational method within
the simple model space of Slater determinants, an ex-
tended Hilbert space accounting for more correlations
would lower the calculated energy further. Similarly, we
find that these nuclei are more bound when the second-
order perturbative corrections of Fig. 1(c) are included.
Interestingly, as seen in Fig. 1(c), the perturbative en-
ergy correction per particle is about the same for all nu-
clei with a magnitude of roughly 0.5 − 1.5 MeV. This
value is quite small compared with the perturbative cor-
rections found with other interactions (see, e.g., [14]).
As shown in Fig. 1(b), the point-proton rms radii are
found to be small compared with experiment for heav-
ier nuclei. In the case of the charge radius of 16O the
extended model space of the NCSM can provide a cor-
rection of more than 0.1fm (Table II) in the direction
of agreement with experiement. Corrections to Rp for
heavier nuclei from perturbation theory would likely be
similar in size, as the results reported in Ref. [14] sug-
gest and as we confirmed for Ca isotopes (not shown). In
that case they would not be sufficient to compensate for
the discrepancies observed with our HF results compared
with data.
We can infer from the results shown in Fig. 1 that
the main issue is the saturation property of Daejeon16.
The issue is less relevant for 16O which is light enough
to be less sensitive to Daejeon16’s saturation properties.
However, the addition of nucleons (heavy nuclei) leads
to overbound and denser systems compared with exper-
iment. In the HF approximation, we attain a density
higher than 0.6 fm−3 inside 208Pb. The situation is fur-
ther illustrated in Fig. 2. The empirical value for the
 0
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FIG. 2. Proton radius as a function of the atomic number Z.
The empirical value divided by Z1/3 is roughly stable demon-
strating saturation. By contrast, the calculated radii divided
by the cubic root of Z continue to decrease with increasing
Z.
charge radius divided by Z1/3 stabilizes to a constant
value demonstrating saturation. By contrast, the calcu-
lated radii divided by Z1/3 continue to decrease in heavy
nuclei. The trend in Fig. 2 suggests possible stabilization
in heavy systems.
To summarize, Daejeon16 is a perturbative interaction
and heavy nuclei are predicted to exist with finite though
excessive density. Next we search for a phenomenologi-
cal correction to Daejeon16 that will greatly reduce the
differences of these results from experimental data. Ob-
serving in Fig. 1(a) that the HF energy is minimized for
~ω = 10 MeV in the heavy systems, we will now work
only with this value for ~ω and with emax = 12.
6VI. PHENOMENOLOGICAL CORRECTION
In order to describe heavier nuclei with the Daejeon16
interaction additional repulsion must be introduced. It
should be active especially in the bulk of nuclei. The
desired effect could be introduced via a phenomenological
correction to the Hamiltonian in the form of a contact
three-nucleon repulsive term,
V3(i, j, k) = t3δ(~ri − ~rj)δ(~rj − ~rk). (11)
On the mean-field level the above interaction is equiv-
alent to a two-nucleon interaction with a density-
dependent coupling strength [47]
V2(i, j) =
t3
6
(1 + Pˆσ)ρ([~ri + ~rj ]/2)δ(~ri − ~rj), (12)
which is a special case of
V2(i, j;x3, α) =
t3
6
(1 + x3Pˆσ)ρ
α([~ri + ~rj ]/2)δ(~ri − ~rj),
(13)
with x3 = 1 and α = 1. In the above, Pˆσ is the spin
exchange operator for antisymmetrization and ρ(~r) is the
local nucleon density. We adopt here the familar notation
of Skyrme functionals. If we set α = 0, expression (13)
gives the equivalent of a contact two-body interaction
t3
6
(1 + x3Pˆσ)δ(~ri − ~rj). (14)
Within HF, we found that a single correction term of
the above form for all values of x3 and α fails to yield
reasonable results simultaneously for the energy and ra-
dius of nuclei. The correction required for the calculated
radius to be realistic is so strong that nuclei become un-
bound in the HF approximation using our chosen basis.
Noting that 1) the radius requires a correction in the bulk
of the nucleus (near saturation density), 2) the energetics
of nuclei are largely determined by the surface nucleons
(subsaturation densities) and 3) the energetics of light
nuclei such as 16O are already rather optimal without a
phenomenological correction, we deduce that an attrac-
tive counterterm dominating at low densities is needed
such as to offset the excess repulsion introduced to the nu-
clear energies. Therefore we explore a phenomenological
correction defined by a density-dependent two-nucleon
potential of the form
Vρ =
1
6
(1 + Pˆσ){t0 + t3ρ([~ri + ~rj ]/2)}δ(~ri − ~rj) (15)
with t0 < 0 and t3 > 0. We introduced the symbol t0 cor-
responding to six times the familar t0 term of a Skyrme
functional. On the mean-field level this corresponds to
a correction to the energy per particle of homogeneous
nuclear matter equal to [48]
∆Eρ/A =
1
16
(t0 + t3ρ)ρ(1− δ2) , (16)
where δ = (ρn − ρp)/ρ is the isospin asymmetry. An
advantage of the linear form (15) of density dependence,
as opposed to a fractional-power dependence, is that it
corresponds to a true two-plus-three-nucleon contact in-
teraction. Therefore, if successful, it could be introduced
also in extended many-body approaches (contigent to
defining an appropriate momentum cut-off).
In principle one could fit the two parameters to the
masses and radii of selected nuclei. For reasons that will
be clarified below we prefer to choose the best values by
inspecting the behavior of the results on the t0 − t3 pa-
rameter plane. Let us consider as satisfactory outcomes
those HF solutions for which the energy per particle is
higher than or equal to the experimental value, the devi-
ation being no more than 1.5MeV per particle
0 ≤ (EHF − Eexp) ≤ 1.5 A MeV . (17)
In a similar spirit, we adopt a condition for the proton
radius
− 0.2 fm ≤ Rp,HF −Rp,exp ≤ 0 . (18)
The tolerance values of 1.5 MeV and 0.2 fm are based on
the sizes of the corrections obtained from MBPT for Dae-
jeon16 discussed above. We have performed HF calcula-
tions for values of t0 from -270 MeV fm
3 to 0 in steps of
10 MeV fm3 and for values of t3 from 0 to 2400 MeV fm
6
in steps of 100 MeV fm6. In Fig. 3(a) and Fig. 3(b) we
show the acceptable sets of parameters for each of the
examined nuclei based on the energy criterion (17) and
the radius criterion (18) separately. In Fig. 3(c) we show
the acceptable sets of parameters if we enforce both cri-
teria simultaneously. From these results, we observe the
following:
• For each nucleus there is a band of (t0, t3) val-
ues reproducing the desired energy. The bands
are roughly linear but each with different slope.
The region where they all overlap is substantial
but lies away from zero, centered approximately at
t0 ≈ −150 MeV fm3 and t3 ≈ 1200 MeV fm6. It is
clear that a single parameter (t0 or t3) as in Eq. (13)
would indeed fail to give satisfactory results.
• Radii cannot be simultaneously described for all
nuclei: for given t0 heavier nuclei require a stronger
repulsion t3 than do lighter nuclei.
• When the tolerance criteria are enforced for both
the energy and the radius the region of potentially
acceptable (t0, t3) values shrinks considerably. Al-
though it is still nucleus-dependent, it corresponds
to a narrow and roughly linear band.
Two small regions are identified by arrows on Fig. 3(c) as
potentially optimal: The rightmost arrow points to a re-
gion where all but 208Pb could be satisfactorily descibed
while the leftmost one to a region where heavier nuclei
including 208Pb could be satisfactorily described, but not
16O.
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FIG. 3. Acceptable combinations of (t0, t3) values for the
correction term Eq. (15) based on criteria (17), (18) for HF
results for the displayed nuclei. (a) Applying only criterion
(17). (b) Applying only criterion (18). (c) Applying both
criteria. The arrows point to potentially optimal regions on
the parameter plane.
We conclude that no optimal pair of parameters ex-
ists for describing all examined nuclei from 16O to 208Pb
within the dual criteria of Eqs. (17) and (18). A sin-
gle global fit would require relaxing at least one of
our criteria. However, depending on the application,
for example if we are interested in a specific region of
the nuclear chart, a pair of parameters along the band
depicted on Fig. 3 (c) could be useful. As an illus-
tration we show in Fig. 4 and tabulate in Table III
the energy and radius of closed-shell nuclei obtained
with two sets of values (t0, t3) in the regions indicated
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FIG. 4. HF ground-state properties obtained with the Dae-
jeon16 including correction (15) for the optimal (t0, t3) values
identified in Fig. (3)(c) by the arrows and indicated in units
of (MeV fm3, MeV fm6) for the nuclei 16O, 28O, 40Ca, 48Ca,
60Ca, 90Zr, 100Sn, 132Sn, 208Pb. (a) E/A. (b) Rp. Experi-
mental data are also shown where available.
E/A [MeV] Rp [fm]
(-180,1200) (-240,1600) (-180,1200) (-240,1600)
16O -7.367 -7.912 2.614 2.655
28O -5.322 -5.751 2.825 2.883
40Ca -8.082 -8.493 3.308 3.383
48Ca -7.999 -8.366 3.386 3.470
60Ca -7.036 -7.290 3.509 3.607
90Zr -8.038 -8.180 4.038 4.166
100Sn -7.432 -7.554 4.226 4.358
132Sn -7.382 -7.366 4.440 4.593
208Pb -6.556 -6.425 5.116 5.308
TABLE III. The theoretical results plotted in Fig. 4. For
experimental data see Table I.
on Fig. 3(c) namely (−180 MeV fm3, 1200 MeV fm6)
and(−240 MeV fm3, 1600 MeV fm6). They are confirmed
as potentially appropriate corrections for mid-mass and
heavy nuclei, respectively. It is worth noting that the
corrections represented by the above t3 values are weaker
than those required in the case of SRG-evolved interac-
tions with t3 values from 2000 to 5000 MeV fm
5 [15].
As indicated on Fig. 3(c), the relation between optimal
values of t0, t3 can be approximately described by the
linear relation
t3 ≈ (−20 fm3/3)t0 (19)
Applying Eq. (16) to isospin-symmetric matter (δ = 0)
we find that the correction to the energy per particle of
8homogeneous symmetric matter can now be recast as
∆Eρ/A ≈ t0
16
(
1− ρ
0.15 fm−3
)
ρ (20)
and vanishes for density ρ ≈ 0.15 fm−3. Thus the ef-
fect of the correction is attractive at subsaturation den-
sities and repulsive near and above saturation density,
as anticipated. It is worth noting that, although the
phenomenological correction is necessary, it is also quite
small for subsaturation densities: for the sets of optimal
values discussed above the energy correction amounts to
a few hundereds keV per particle, to be compared with
-16 MeV per particle, the empirical energy at saturation.
On the other hand, it becomes large at suprasaturation
densities. If we set ρ = 0.5 fm−3 we obtain a correction
of more than 10 MeV per particle. The interior density of
heavy nuclei calculated within HF without the correction
exceeds 0.5 fm−3, while it reaches more realistic values
when the correction is included. As a result, the inclu-
sion of the correction term leads to dramatic changes in
the results for finite nuclei.
Finally we examine Ec(GMR) and aD by calculat-
ing the monopole and electric-dipole spectra within the
RPA formalism. The HF basis is used with no trunca-
tion other than that already imposed by the HO basis of
emax = 12. The necessary rearrangement terms for the
density-dependent interaction are included as described
in Ref. [49]. RPA calculations have been performed for
t0 = −120,−140, . . . ,−260 MeV fm3 (21)
and t3 = (−20 fm3/3) t0. To put the results into perspec-
tive we compare them with RPA results obtained with
the standard phenomenological interaction Gogny D1S.
Results are depicted in Fig. 5 for 40Ca, 48Ca, 90Zr, and
208Pb. The properties of the three lighter nuclei are well
described and the performance of the Daejeon16 interac-
tion supplemented with a phenomenological correction is
similar to that of D1S. Interestingly, the GMR centroid of
48Ca is obtained higher than that of 40Ca, in agreement
with the reported measurements. Purely phenomenolog-
ical effective interactions of Skyrme type do not produce
this trend [50]. The same holds for Gogny D1S as we see
on Fig. 5(a). On the other hand, the rise of the centroid
energy in going from 40Ca to 48Ca has been recently dis-
puted based on new data [51]. In that case the behavior
of the results obtained with Daejeon16 might point to
some missing effects in the isovector channel.
For 208Pb the Ec(GMR) is significantly overestimated
and the aD is underestimated. We can speculate that
additional corrections are required to fully describe the
nuclear bulk, i.e., to mimic a realistic equation of state of
homogeneous matter. On the other hand, surface charac-
teristics and generally finite-size effects which dominate
in lighter nuclei appear to be reasonably well described.
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FIG. 5. (a) GMR centroid energy and (b) electric dipole po-
larizability of 40Ca, 48Ca, 90Zr, 208Pb, calculated within RPA
with Daejeon16 including correction (15) for the shown values
of t0 and for t3 = (−20 fm3/3)t0, compared with RPA results
with the Gogny D1S interaction (“D1S”) and experimental
data (“exp”) where available (see Table I).
VII. SUMMARY AND PROSPECTS
The Daejeon16 two-nucleon interaction was employed
in many-body approaches based on the mean-field ap-
proximation. The perturbative nature of Daejeon16 was
verified by comparing 1) HF results with NCSM results
for 16O and 2) the magnitude of perturbative corrections
in light and heavy nuclei. Generally the heavier nuclei are
obtained as overly dense and compressed. A phenomeno-
logical correction in the form of a two-plus-three-nucleon
contact interaction was introduced in order to describe
energies and radii across the nuclear chart within HF.
The simultaneous good description of isospin-symmetric
nuclei 16O and 40Ca along a region of only two weak and
interdependent phenomenological terms confirms the al-
ready good optimization of the Daejeon16 interaction.
With the selected parameters we achieved a good descrip-
tion of medium-mass nuclei also in terms of the centroid
energy of the giant monopole resonance and the dipole
polarizability calculated within RPA. The present results
provide further justification for the use of Daejeon16 aug-
mented with phenomenological corrections as an effective
interaction of perturbative character in a variety of ap-
plications.
A simultaneous good description of both medium-mass
and heavy nuclei, as well as light nuclei, could not be
achieved with the present correction term. The parame-
ters of the phenomenological correction require some fine
tuning depending on the mass region. In addition, the
RPA results suggest missing effects in the description of
9isospin-asymmetric matter. In order to improve on the
present results one could consider an even richer density
dependence for the phenomenological correction, for ex-
ample, including higher powers of the density, or a richer
dependence on the isospin asymmetry density.
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